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7.11. Solution. Let (x,) be a sequence in an inner product space. Show that the conditions

|znll — ||z]| and (z,,x) — (z,z) imply z,, — x.
Proof. Notice that

(x,2,) = (Tp,z) = (x,2) = (x,x)

and hence

lzn — 2] = (@0 — 2,20 — 2) = l|2all® = (20, 2) — (2, 20) + |2
= |lzl* = (2, 2) — (z,2) + [|l=]|* = 0.

It follows that x,, — =.

7.15. Prove that in an inner product space, x L y if and only if
[+ Ayll = [l = Ayl

for all scalars \ € F.
Proof.

lz+ Ayl = [lz = Ayll, VAeF
=+ " =lle -yl VAEF
= (r+ Ay, x+ \y) =(x —Ay,x — Ay), YAeETF
el My x) + A Gwy) + Nl = el - Aa) - Xe,g) + Xyl VA CF
ANy, z) + A(z,y) =0, VAEF

If z L y, then (z,y) = 0 and it can be seen that ||z + \y|| = ||z — \y||, VA € F.
If |z + \y|| = ||z — Ay||, VA € F, then we take A = (x,y) to get

2/ (z,y) | =0 = (z,y) = 0.



